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Abstract:

An investigation is carried out to determine the effect of uniform and non-uniform temperature profiles on single component Darcy-
Benard Marangoni (DBM) convection in a composite layer system consisting of an incompressible fluid saturated porous layer on
top of which is a layer of the same fluid with variable heat sources in both layers. The upper surface of the fluid layer is free with
surface tension effects depending on temperature and the lower surface of the porous layer is rigid. The eigen value, thermal Marangoni
number (TMN) is solved exactly for linear, parabolic and inverted parabolic temperature profiles for the adiabatic thermal boundary
conditions at the horizontal boundaries of the composite layer. The influence of various dimensionless parameters on the eigen value

against depth ratio is discussed in detail.
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1. Introduction

Marangoni convection, the surface tension driven
convection has attracted the interest of many
researchers. It has applications in the fields of welding,
drying silicon wafers, spreading of thin films,
nucleation vapor bubbles, material science, aerospace,
solid matrix heat exchangers, growth of crystals,
manufacturing of semiconductor device, various
extractions, and so on. Maragoni convection was first
theoretically analyzed by Pearson [5]. Shah and
Andras Szeri [8] studied Marangoni instability for
non-linear temperature profiles with of non-uniform
heat source. Riahi [7] investigated the stability of
linear and nonlinear steady convection with a non-
uniform internal heat source. Mokthar et al. [2]
theoretically analyzed the Marangoni instabilities in
case of heat generation in a composite layer.
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Ramachandramurthy and Aruna [8] studied the
Rayleigh-Benard-Taylor instabilities considering
variable heat source.

The instabilities of the Marangoni convection have
been investigated in many previous works. The
Rayleigh-Ritz approach was used by Rudraiah and
Siddheshwar [3] to compare the effects of six non-
linear temperature gradients with suspended particles
on the onset of Marangoni convection. Shivakaumara
et al. [9] examined the influence of several fundamental
temperature gradients by considering ferrofluids on
the onset of Rayleigh-Benard-Marangoni convection. A
stability analysis of various basic temperature
distributions, with free-slip boundary condition, on
the onset of Marangoni convection has been studied by
Siti Suzilliana Putri Mohamed Isa et al. [11].
Shivakumara et al. [10] investigated the effects of
various non-uniform temperature profiles on
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Marangoni convection with the solid plate at the lower surface. Kuznetsov and Nield [1, 4] investigated the onset
of natural convection varying the source strength varies by using linear instabilities in a fluid layer and a porous
matrix. Recently, Vanishree et al. [16] have studied the effects of linear and non linear temperature gradients on
Benard-Marangoni convection with constant heat source in a composite layer. Sumithra et al. [12, 13, 14, 15]
have studied the linear stability analysis of Marangoni convection in a composite layer with constant/
temperature dependent heat sink or source for the Darcy and Darcy-Brinkman cases.

The effects of linear, parabolic, and inverted parabolic temperature profiles on the onset of Marangoni
convection in a composite system with temperature-dependent heat sources in both the fluid and porous layers
are investigated in the current study. The effects of the internal Rayleigh numbers, the ratio of diffusivity, the
Darcy number and the horizontal wave number on the onset of DBM convection are illustrated graphically.

2. Mathematical demonstration

Consider an infinite incompressible horizontal fluid layer of depth ‘d’ overlying a porous layer of depth ‘d ‘ that
contains heat sources Q, and Q, respectively. We take a Cartesian coordinate system with the origin at the
contact of the fluid and the porous layers, z-axis directed vertically upwards. The fluid layer is bounded by the
region 0<z<d and the porous layer is bounded by the region —d <z <0. The lower surface of the porous
medium is rigid, while the top surface of the fluid layer is free, with surface tension gradients. The heat flux at
both boundaries is assumed to be constant.

The basic governing equations are (refer [14]):

V.G, =0 ()
aﬁ_j}‘l — — 2

Po o +(qu -V)q}_l =—VF, + uV-q, - (2)
oT . , )

O (G 9)T =T+ 0, (11 o
0
V., 4,=0 . (4)
pﬂ 5gm a‘“ =

Foim _ y p _H

¢ afm mom K g?” coe (5)

6}:‘? = 2
A2+ (G V)1 =5, VL, + 0, (T, - 1)) ..(6)

(J’

where g, = (u,,, v,, , w,;) represents velocity vector for the fluid layer and g, = (u,, v,, w,,) represents velocity
vector for the porous medium, ¢ is the porosity, p, represents fluid density, u represents fluid viscosity, P, is the

(pe),

pressure, K - the permeability of the porous medium, « - the thermal diffusivity of the fluid, 4= ( . ] represents
1|

ratio of heat capacities, ¢, - the specific heat, t - the time, T denotes temperature in the fluid layer, T, denotes
temperature porous layer. Here the suffix ‘m’ denotes the quantities in the porous layer, ‘¥1” denotes the quantities
in the fluid layer. The fundamental steady state is assumed to be quiescent, and the solution is as follows:

(G- 2. T]=[ 0.8y, (2).7, (2)] -0

[Ejm 9‘!::.*1 L] ?:n ] = [09 j::nb (Zm ) s }:nb (zm ):| (8)

The subscript ‘b’ refers to the basic state.
The basic state temperatures Tb(z) and T, (z, ) are (refer [14]):

(1, -1, i[ 0,

=T +—2—2"_sin
sin[ Q"ld]
K
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T, (z,)=T, +&sin[ Q—“’zm me (z,), —d, <z, <0
. 0, Ko
sm[ —de - (10)
Km
T.\O. .’csm{ Q‘— } 0,k sm[ &dJ
\ & K
where, I = "

(]

. 0., . 0,
JO, K, sm[\];a’] +0,.x sm[ K_d’" }

m

is the interface temperature, f(z) and f, (z,,) are the dimensionless temperature profiles in the fluid and the porous
medium respectively.

Following Sumithra et al.[14], the basic solution is perturbed, linearized, non-dimensionalized by taking
suitable scale lengths in both the layers. After subject to normal mode analysis, differential equations so obtained
are (refer [14]):

(D* - )[ﬂ2 —a —Pi]W(z)zﬂ .. (11)

r

[ﬁ_l](pmf _amz)pﬁ” (z,)=0 . (12)

Pr,
\/_cos (J_z)
sm\/_

5 5 cos( Rl,m zm) ‘
(D> —a,” + R, +n,4)0,(z,)+W,(z,)R, me (z,)=0 . (14)
I?.lr
K

Da=——= Q)”d R _Lmd2

2
where FE P represents the Darcy number, R; 1, = . “m respectively are the fluid and
m m

(D —a’ +R, +n)

W(z)f(z)=0 .. (13)

pr_ M _

Pk and Pr, oK,
porous layers respectively, a and a,, are the wave numbers in the fluid and porous layers, W, and W are the
vertical components of the velocity vectors in the porous and fluid layers. Considering the steady state convection,
ie,n=n, =0, the equations (11) to (14) reduces to

porous internal Rayleigh numbers, are the Prandtl numbers in the fluid and the

(D2 —az)z w(z)=0 .. (15)

(D’ =a,*)W,(z,)=0 . (16)
R, cos|\R,z

(D* —a* + R, )0(2) ‘\Fsin (R; )W(Z)f(z) -.(17)

rwf (z) .. (18)
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3. Boundary conditions

The associated boundary conditions are non-dimensionalized and subjected to normal mode analysis. (Refer
Sumithra et al. [14]):

W(1)=0 - (19)
D*W(1)+ MO(1)a’ =0 - (20)
Do) =0 . (21)
£
W, (0)=-Lw(0) - (22)
¢
3
D +a* )W (0)==~(D,’ +a,’ )W, 0
( a) 0) ST( T+, ) o (0) - (23)
£
6(0) = ?T ©,,(0) .. (24)
DO(0)=D, 0, (0) .. (25)
4
D' ~3a2 D)W (0) = ——=— D, W, (0
( a ) (0) Daz, " n(0) . (26)
W,(=1)=0 - (27)
D,®, (-1)=0 -~ (28)
oo (I:: B If )d
Here M =— or T represents the thermal Marangoni number, o represents surface tension and T is

the temperature at the upper layer of the fluid, - PR the depth ratio and €r = «_ represents the ratio of

m m

thermal diffusivities.

4. Method of solution

The equations (15) and (16) are independent of temperatures &(z) and O, (z,). We use boundary conditions (19),
(22), (23), (26), (27) to obtain W(z) and W, (z,,) .

W(z) =4 [A2 sinh(az) + 4;z cosh(az) + A,z sinh(az) + cosh(az)] . (29)
W, (z,) f?ul [cosh(a,z, ) +sinh(a,z, )coth(a, ) | . 30)
2 2
_ Cam COSh(am) A3 =_[l+(A2 +A4)tanhaj, A4 =§ an! —a

> 24°Da sinh (a,, )’
Equations (17) and (18), along with the boundary conditions (19-28), form an eigen value problem with the
Marangoni number as an eigen value. The current study aims to comprehend the stability of the composite
system using various basic temperature profiles, such as f(z) =f, (z,,) = 1 for the linear, f(z) = 2z, f, (z,,) = 2z, for the
parabolic, and f(z) = (2 - 2z), f, (zm) = (2 - 2z,) for the inverted parabolic profile.

4.1. Linear temperature profile
Considering the linear case [refer 14], i.e.,

f@)=f,(z,)=1 .. (31)
By substituting (31) in equations (17) and (18), and solving for ©(z) and @, (z,) temperature boundary
conditions (21), (24), (25) and (28), we get,
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©(z) =4[ ¢, sinh(bz) + ¢, cosh(b=) - h(=) ... (32)
0,(z,)=4 [c?, , cosh(b,z,)+¢,, sinh(b,z, )-h,z, ] .. (33)

whereb =,Ja* =R, , b, —,}amz -R, h(z):%(ffl +1,, +If3)
h,(z,)= 3;?6 (Sinh(amzm)Sin(mzm)+Coth(am)COSh(amzm)Sin(mzm)).

e 0; —c, bsinhb ¢;,b, sinhb,
Cf1:51+_TCg s Cf" :L’ c4 :3"07
g e bcoshb P b, coshh,
9, cosh b + &, coshb,, — b3, cosh b, sinhb— &, coshb,, coshh

¢y, =

b, sinhb,, coshb + T . L bsinhbcoshb,,
1 =sin(\/gz)[sinh(az) + 4, cosh(az)],
. 1 . 1 .
[z sinh (az) - ;cosh (az)] sin (\/Ez) + F COS(\/RTZ)Slnh (az)} ,

il

|
S

72 =

I,5=A4, [zcosh(az)-ismh(az ]sm(\/_z) \/;{Tcos(\/_z)cosh az}

5 = A, A, 52:[,45\2{53[142 A3 [A \]_COIha }

2JR,
Aogr

1;5(/\ + AN, + AN + AN, 6, = (2.1 A, cotha,, )

A, _acosha51nJ_ JR; sinhacos R, , Az—asmhasm\/_ JR; coshacos[R,
Ay =AMy — Ay, Aj =asinﬁcosha+ﬁcoshacosﬁ—gﬁcosﬁcosha
Ay=Ay+Ap. Ay =asinR; sinha+cosha(\[R, cos (R, —sin R, |
Ay =4 cos\[R; sinha, %, =a,sinha,sin\[R, +[R, cosha,cos [k,

4 =a, cosha, sin [R, +[R, sinha, cos [R, , Ay =sin|[R, sinha - J_cos R, cosha

For the linear profile, the TMN, M, is,
o D*w (1) __my cosha+my,sinha
- a2®(l) a’ (m21 + Aym,y, + A4m23)
my =a’ (1+ 4 )+2ad,, m,=a’ (4 +4,)+2a4,

.. (34)
my, =¢, coshb +c, sinhb—%(sinhasin\/}TIJrA: coshasin /R, )
> =—— 5111hasm\/_+\/_cos\/_smha —smfcosha
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Myy = A sin/R; cosha — ! sin \/IT, sinha + L cos \/Rj cosha
' 2 a JR;

4.2 Parabolic temperature profile

The equations for this case is,

f(z)=2z, f,(z,) =2z, ... (35)
By substituting (35) in equations (17) and (18), and solving for ©(z) and @_(z, ) using the temperature boundary
conditions (21), (24), (25) and (28), we get,

O(z)=4, [cP, cosh(bz) + ¢, sinh(bz) — (z)] .. (36)
©,(z,)=4 [f:p3 cosh(h, z, ) +c,,sinh(b, z, )~ hm_m] - (37)

where h(z) = A [I, + 1, + I, +1,], h, (2, )= %[fml +(cotha, )1,
b=ya’ -R;, b, =\|a,’ =R, , I, =[zsinh(az) - —cosh(az) sin(\/R, 2) + —=—

I, =4, H zcosh(az) — l sinh(az)] sin ( R, z) +
a

sinh(az) cos( \/E z)

7
1
——cosh R
\/}T‘!cos (az)cos(\/Tz)]
I, =4 (I +17 ) I;, = 22 sinh(az) — cosh(az) cos( R z)
3 30431 32): 41— J_ a-\/_ 1
I, = [22 - é_f + G%Jsinh(az) sin (\/Ez) - % cosh(az)sin (\/R_IZ)
2z
| R
[r a\/fcom(az)]cos(\/iz)
I, :( 2 _R_2!+a%]cosh(az)sin(\/gz)—;Zsinh(az)sin(ﬁz)
. 1 . 1
I, =[zm sinh(a,,z,, ) - :COSh(amzm )Jsm(ﬁzm)+ \/}?smh(am m)cos(ﬁzm)

m I, m

I, =4, (141 +142)= Iy =

cosh(az) —

I, —(z cosh(a, m)—a—smh(am ” )Jsin(ﬂzm)+J%cosh(amzm)cos(ﬁzm)
m IM

m —c¢,,bsinhb n; +be,,
Cpp=——"—"————,C =
- bhcoshh # b

m

pl - p'{a

ry2+
g

ERRY
1

asin /R,
m =\/Esinha cosJRT+acosha sin\/g—fg cosha cos\/R_f—sinha sin\/E
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N, =+ R, cosha cos\/g +asinha sin R, — 4, sinha cos (R, —cosha sin /R,

2JR, 3 & Ag a, R,
PN 7 ek A S R A= -
75 [ [ 2 \/E] ] ‘ A, A [ R a J

s =[\/E— \/% + zifi}inha cosﬁ—ZA? cos\/g cosha

Ny = {cosh a [a + i — i_a] — 2(sinh a) }sin JER;
a 7

nl4:{ﬁ_%+2ﬁ}coshacos\/RT—ZA?sinhacos\/E
1

a2

Moy = a+§—2—a]sinha sin \/R, —2cosha sin R,,Af_:;

a R a, sin R,

4, 34, g, A, cotha,, &g A
n, =4 -— |- LMy = N4 — M4 coOtha,

2 s {\/E aJR, } gzm 4 I ( 41 42 )
The corresponding TMN, M, is as follows:
D*W (1 m,, cosha + m,, sinha
My =— ( ) _ Pl P2 . (38)

ae(l) o (mps — 4 I:AZmp4 +Aymps + Aympg +mp, ])

mp =a* (1+ 4,) +2ad,, my, =a’ (4, + 4,)+2a4;,

) : cosha cosha | .
Mpy =cCp, coshb +cp, sinh b, m,, =[smha— + ]sm,/R,

a JR:
sinha | . cosha cos (R, 2 2
mp, =| cosha — sin R, + ——————, 4 =|1-—+=|,

a R, a
2sinha 3cosha : 2cosha | .
Mps = - cos /R, +{A9 sinha — } sin/R; ,
[ JR, afR, J a

2¢osh 3sinh 2sinh .
mpszc.osﬁ{ co; a_ asta]+[A9cosha— Sl:: a}smﬁ
VY 1

4.3 Inverted parabolic temperature profile

The functions for this case are as follows:

f(z)=(2-22), 1, (2,)=(2-2z,) . (39)
By substituting (39) in equations (17) and (18), and solving for ©(z) and @, (z,) using the thermal boundary
conditions (21), (24), (25) and (28), we get,

O(z) =4, [ ¢ cosh(bz) +c, sinh(bz) ~ h(z) ] .. (40)
©, (z,)= 4 [ ¢,y cosh(b,z,) +¢,,, sinh(b,z, ) =h,z, | . (41)
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where h(z) = A [iy +i, +iy +i, ], h,(z,) TAG =i

b=\a*-R,, b,=|a,’ - R, i —[[1 -z+ é]sinh(az)sin(\/jajz) — COSh(azi/gg(\/R_‘,z)]

sinh(az) cos \/Ri z
i, =4, {[lz + a]cosh(az)sm(\/_z) \/E( 1 )] Iy = Ay (iy +1,)

COS(-JEZ)

+(cotha, )i, |

I, =T[a (1-2z)sinh(az) + 3cosh(az) |, i, = A, (iyy +iy,)
I
, 2 2 _ (1-2z)cosh(az) | .
Iy, =[(E _a_2+ z—zstmh(az)— p ]sm( sz), Copi :é(cl _52)
cos z o
Iy = a(\}/77 )[ (1—-2z)cosh(az) + 3sinh(az) |, ¢, = ﬁ

ip= Hi - i +z—z Jcosh(az) - (l — 2z);inh(az) } sin( R, z)

R, a
| Y ‘ cosh(amzm)cos(ﬁzm)
e

m

ob-§ . ¢, coshb, +|‘312 coshb e =8_T(§l —~ &, coshb)

Cp2 == — > G ,

m b, (cosh b) sinhb,, + . L b(sinh b) cosh b,

i, = [l—zm +ai]cosh(amzm)sm(mzm)_ Si“h(“mzm\}z(\/_ )

m

34,
¢, =&,b,, sinhb, — o $is &1 =
R A e e

& A, cotha,,
= 4; [A2§31 — A4 + A4§32] _%éss 531 :\/R_1+ 4

&y =2(a, +1)sinha,, +cosha,,, &, =2,|R, — 4, &3 =2(a,, +1)cosha,, +sinha,,

532:\/;_1 2\/_ F 4, «fﬁ—[[fi sinha 37;_?0 2\/_acoshaﬂcosr

S =A5[§11 + A&, + A (&3 + &)+ A4 (&5 +§IG)]> Si3 =[A? COSh“"'iSi“ha}cosﬁ
JE,
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&, = A4, sinhacos R, +(2cosha—sinha)sin R, , &, =[5inha +(% —EJcosha}sinﬁ

7 a
_ . 2a 3. _
&, =4, coshacos R, +(2sinha —cosha)sin/R,, & = [cosh a+ [R_a - E] smha] sin /R,
1

&= %[coth a, (541 sin \/}T + &, cosha, cos \/E) - (543 sin E +¢&,, sinha,, cos E)J

The corresponding TMN, M, is

D*W (1) m,, cosha +m,, sinha

M, =— —
T a0()  a (my - A [Aymy, + Amys + Amg +my)) . (42)

my =a* (1+ 4;)+2a4,, my,=a* (4, +4,)+2ad;, my;=c, coshb+c,sinhb,

” sinha sm\/_f cosha cos\/_ 51nJ_cosha smhacos\/_
7= ,JR_ -\/}?_

€os \/7 ] - Sl]flh a sin .\/_ +t— cosha sin \/7
Falk

cos \/_ +(1= 4 )cosha sin «f_ | Sinha sin &, sinh a sin J_
ar

5. Result and discussion

m;s =(3cosha —asinha)
m,s =(3sinha —acosha)
The effects of linear, parabolic and inverted parabolic temperature profiles on DBM convection in a single

component composite system with variable heat sources are investigated. The thermal Marangoni number (TMN)
is obtained for lower rigid and upper free horizontally bounded surfaces with thermally adiabatic conditions by

P ——— Y ———)

F-Y

W arangoni Number
W

N

M arangoniNumber

[ Mpg - - - - Sl
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
Depth Ratio £ Depth Ratio ¢
Figure 1: Effects of RI Figure 2: Effects of R
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using exact method. Corresponding TMNs, M, (linear),
M, (parabolic) and M, (inverted parabolic) against
depth ratio ¢ for some fixed parameters are shown
graphically. When comparing the temperature profiles,
the observation shows that the linear profile has a
higher TMN, indicating that it is the most stable
profile, the most unstable profile is the inverted
parabolic profile, as shown in Figures 1, 2, 3, and 4
with M, < M,, < M, for lower values of the depth
ratios, that is, for the porous layer dominant (PLD)
composite system and M, <M, <M, for higher values
of the depth ratios.

The effect of R, = 0.43, 0.47, 0.5 in the fluid layer, on
DBM convection, for a set of fixed physical parameters
Ry, =&;=05,a=1, i =1, and Da =10 is shown in Figure.
1. It can be observed that Marangoni numbers M,, M,
and M,, are higher for smaller depth ratio { values and
then gradually decrease with further increase in . Also
as R, increases, the TMN M,, M, and M, decreases,
thus destabilizing the system. This indicates that the
smaller values of this parameter are suitable to control
DBM convection. The effect of R, on the eigen value is
parallel for all the three profiles and is uniform for all
the ¢ values.

The TMN versus ¢ for the supplement parameters,
R;=&,=05,a=/(i=1,Da=10, and various values of R;,,
=0.43, 0.47, 0.5 are shown in Figure 2. Increase in R;,,
decreases TMN in all three profiles and thus

Marangoni Number

00 02 04 06 08 10 12 14
Depth Ratio

Figure 3: Effects of &;
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destabilizes the system. Also the diverging curves
depict that the effect of R;,, is more for higher values of
¢, that is, it is effective for fluid layer dominant (FLD)
composite systems. The smaller values of internal
Rayleigh number are suitable to control DBM
convection for the chosen set of parameter.

The effect of & for a set of fixed values R, =R;,,=0.5,
Da =10, and fi=a=1 and for & = 0.36, 0.38, 0.4 are
depicted in Figure 3. The & value is higher for smaller
depth ratio and gradually decreases as § increases. It
is observed that the TMN for all the profiles considered
decreases as &; increases, as a result, the system is
destabilized. In addition, the converging curves show
that in PLD composite systems, the effect is significant.

To analyze the permeability on the onset of DBM
convection in the porous layer, we have plotted in
Figure 4, the values of TMN as a function of ¢,
considering different values of Da =10, 20, 100 and R, =
Ry, =é =05anda=/=1.Itis seen that increase in Da
decreases the TMN in all three profiles and thus
enhancing the onset of DBM convection.

The effects of ‘a’ for the fluid layer on the TMN
when R; = R, = &.=0.5, Da =10, fi = 1 are shown in
Figure 5 while a = 1.18, 1.19, 1.2. We observe that TMN
increases as wave number increases in all three
profiles thus stabilizing the system. Physically, the size
of the convection cells decreases as the wave number
increases.

N
~

———— -,
I -

04 06 08 10 12 14
Depth Ratio !

Figure 4: Effects of Da
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Marangoni Number
(4, ] (=]

=

—7—r

a=—1.2

—
—
—_—

TTTT T T

L L L e

- Mz _ ___

02 04 06 038

Depth Ratio £

1.0

Figure. 5: Effects of a

6. Conclusion

The effects of uniform and non-uniform temperature
profiles on the onset of DBM convection in a single
component composite system with variable heat
sources is studied analytically by exact method. The
following are the findings:

1.

The comparison of TMNs from the graphs show
that linear profile is the most stabilizing basic
temperature profile. As a result, this profile can
be used to effectively control the DBM
convection.

M,, < Mpz < M, for porous layer dominant
composite layer systems and M, <M, <M,, for
a composite system with a fluid layer
dominating.

The eigen value, TMN decreases, that is DBM
convection can be preponed with increase in
values of R, R;,,, Da and &.

The TMN increases, that is, DBM convection can
be postponed with increase in wave number a.
The heat source’s strength has a significant
impact on DBM convection which either
stabilizes or destabilizes the system depending
on various other parameters chosen.
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