
Abstract
This study focuses on theoretical inquiry into transition of heat and mass of flowing Casson Nanofluid in a curved channel, in 
two dimensions, through peristalsis. The flow is assumed to be characterised by low Reynolds number and long wavelength 
approximations. The coupled governing non-dimensional equations of momentum, heat and mass transfer which are solved 
using BVP. Various parameters related with the flow are applied to study its effect on velocity, temperature and also nanofluid 
concentration. Also, the consequences of thermophoretic diffusion of nanoparticles and Brownian motion are discussed. The 
Casson parameter's effect on velocity profile is discussed.  

*Author for correspondence

1.0  Introduction
Human body has always been a puzzle. It is interesting 
to know that passage of food through oesophagus, 
movement of bowels through anus, urine through 
bladder, etc. are involuntary actions by relaxation and 
contraction of muscles. This movement is known as 
peristalsis. This contraction and relaxation creates waves 
which help in propagation. Peristalsis is one of the most 
efficient methods employed by nature for both internal 
(like passage of food from oesophagus to stomach, flow 
of liquid from kidney to bladder, blood flow) and external 
(like snake movement, certain reptiles, earth worm etc.) 
movement.

Peristaltic fluid dynamics is of great interest to 
engineers and scientists because of its wide range 
of applications. It is used in pumping of hazardous 
liquid, transportation of drugs etc. Various devices like 
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peritoneal dialysis machine, blood pumping machine, 
heart-lung machine etc. are designed using the principle 
of peristaltic transport.

Burns and Parkes1 studied flow, with no pressure 
gradient under peristalsis through axially symmetric 
pipes and channels for viscous fluids, with small Reynolds 
numbers, so that Stokes flow approximations can be 
made. Fung and Yih2 explored peristaltic waves in two-
dimension when flow is due to movement of walls of 
tube in sinusoidal fashion at moderate amplitudes. The 
investigation was later expanded to include axisymmetric 
flow in a cylindrical tube. Chin-Hsiu Li3 analyzed peristaltic 
pumping in a circular cylindrical tube by applying long 
wave approximation. It was shown that the axial pressure 
does not change radially in the tube. But studies were 
confined to Newtonian fluid where in general peristaltic 
transport is non-Newtonian. Researchers Srivastava and 
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Srivastava4 looked at peristaltic transport. regarding 
blood, with the assumption of Reynolds number and long 
wavelength approximation. 

Nanofluids are fluids in which minute particles 
are suspended. These minute particles are called as 
nanoparticles. The fluid in which they are suspended are 
base fluids. Water, ethylene, glycol, oil etc., are the base 
fluid. Choi et al.5 were the first to study nanofluids. They 
studied the effect of metallic nanoparticles suspended in 
some fluids in order to enhance heat transfer. Akbar and 
Nadeem6 studied flow of nanofluid through peristalsis in 
an endoscope. Sato et al.7, considered flow with curved 
channel with a long wavelength of viscous fluid through 
peristalsis.

Some substances like jam, honey, mayonnaise behave 
like soft solids rather than fluids. Upon the application of 
external stress the soft solids begin to flow. Yield stress 
is minimum stress which activates the flow. The Casson 
fluid, which is non-Newtonian, is one which possesses the 
property of yield stress. When the applied yield stress is 
smaller than the shear stress, it behaves like a solid. and 
viscosity decrease with increase in shear rate.

B. Das et al.8 studied fully developed uni-directional 
steady flow of a Casson fluid. Mernone et al.9 studied 
analytically Casson fluid flow through peristalsis. Z. Abbas 
et al.10 analysed peristaltic Casson fluid flow involving 
mass and energy transfer under slip conditions. The same 
was also studied in elliptic conduit by Salman Akhtar et 
al.11. Not much of literature is available regarding Casson 
nanofluid flow in curved channel.

The practical field of nanofluids offers a vast array of 
applications. The efficiency of solar thermal equipment, 
such as Concentrated Solar Power (CSP) plants and solar 
water heaters, can be increased by using nanofluids. By 
improving heat transmission through the use of nanofluids, 
receiver performance and absorption efficiency are 
improved, potentially lowering the number of CSP 
collectors required to generate power. from thermal oil 
as the base fluid17. By lowering pipeline friction, Casson 
nanofluids can enhance the refinery’s ability to move crude 
oil and other fluids. These nanofluids can be effectively 
moved via pipelines with the help of peristalsis pumps15. 
In mining operations, peristalsis is frequently utilized to 
pump or convey slurry. A slurry is a mixture of liquid and 
solid particles. The viscosity and flow characteristics of 

the slurry can be enhanced by using Casson nanofluids. 
Mining firms can move valuable minerals or tailings from 
one place to another with efficiency by using peristalsis 
pumps to move Casson nanofluid-based slurry16.

Hence, we intend to study flow of Casson nanofluid 
peristaltically in curved channel, by assuming flow 
to be of low Reynolds number and large wavelength 
approximation. Effects of different flow parameters 
in governing equations on velocity, temperature and 
nanoparticle concentration is to be analysed. 

2.0 Mathematical Formulation
We consider Casson nanofluid flow in a porous curved 
channel, coiled as a circle of radius R with centre at O. Let 
2a be the width of the channel (Figure a). Transversal 
deflection of sinusoidal waves creates flow of velocity V . 
Let wall temperature and concentration be represented by 

0T and 0C  respectively, and flow pattern is given in 

( ), ,r X Z  coordinate system in laboratory frame. r  is 

along radial direction and X being parallel to the flow 
direction. Z-plane is perpendicular to both r  and X 

Figure a.  Wave in curved channel.

planes. Let U be axial component and V be radial 
component of V . 

Equations of upper and lower walls are 

( ) ( )2, sinh X t a b X ctr π
λ

 = + −  
=

 	 (1) 

 and 

( ) ( )2, sinh X t a b X ctr π
λ

 − = − − −  
=  	 (2)
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where b, λ, c, , and are amplitude, wavelength, wave 
speed, radial displacement of upper and lower walls 
respectively. It is assumed that wavelength is large when 

compared to width of the channel, i.e. 1a
λ

≤ . Casson 
fluid model stress tensor12,13 is given by
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where bµ , yP , and cπ are plastic dynamic viscosity, yield 
stress and critical value respectively and π is the second 
invariant of A . 
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and 2b c

yP
µ π

β
=  				    (5)

β is Casson material parameter
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Therefore from (3),
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β
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 				     (7)

Equations governing the flow are
Continuity equation
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				   Momentum equation in radial direction
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Momentum equation in axial direction
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 Energy conservation equation
i.e.
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Nanoparticle concentration equation
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represent pressure, concentration, temperature, 
acceleration due to gravity, base fluid density, nanoparticle 
density, dynamic viscosity, kinematic viscosity, thermal 
conductivity, permeability of porous medium, specific 
heat, ratio of heat capacity of nanoparticle to heat capacity 
of fluid, coefficient of linear thermal expansion, coefficient 
of expansion with concentration, Brownian diffusion 
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coefficient, thermophoretic coefficient and mean 
temperature respectively.

The following transformations are employed to shift 
laboratory frame ( ),r X  to wave frame ( ),r x , 

, , , ,, r r p P v V u U c T Tx X ct = = = = − == −

Then (8)-(12) gets transformed to equations given 
below
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Introducing variables which are non-dimensional
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where , , ', , , , , , ,e r c B t r ck R P E N N G Gδ φ  are wave 

number, amplitude ratio, curvature parameter, Reynolds 
number, Prandtl number, Eckert number, Brownian 
motion parameter, thermophoresis parameter, local 
temperature Grashof number and local nanoparticle 
Grashof number respectively. 

Dropping primes and introducing stream function, 

following V.K. Narla et al.14, ',
'
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applying the dimensionless quantities and using the 
assumption that the flow is of low Reynolds number and 
long wavelength approximation and eliminating pressure 
factor, (13) is identically satisfied and (14) - (17) becomes
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The boundary conditions are taken 

( )( ), 0, 0, 0, 1 sin 2
2
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3.0 Results and Discussion
The coupled non-linear differential equations (18)-(20), 
with the boundary conditions, are solved for velocity, 
temperature, and concentration of nanoparticle, by using 
MATLAB package.

Through this article we study the impact of various 
factors like curvature 'k , Casson fluid parameter β , 
local temperature Grashof number rG , local nanoparticle 
Grashof number cG , Brownian motion parameter BN , 
thermophorosis parameter TN , on fluid velocity u , 
temperature distribution θ  and nanoparticle 
concentration σ .
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From figure 1 it can be observed that as the value of 
curvature 'k  decreases velocity profile u  increases and 
the maximum velocity is about the central line 0r = , 
since small curvature makes the channel straight. In this 
case fluid flows faster along the centre of the channel. 
When 'k large, flow is towards the lower wall. When 
Casson parameter β increases value of yield stresses yP  

decreases and vice-versa. With decreasing value of yP  

there is decrease in velocity profile u . But decrease in 
velocity is halted due to thermal conductivity. From figure 
2 it can be observed that flow is towards the lower wall, as 
viscosity increases. When 𝛽 decreases velocity profile u  
increases because of increase in yield stress and u attains 
maximum about the central line 0r = . Increase in 
Grashof number rG  implies dominance of buoyancy 
force over viscous force. Figure 3 shows that velocity 
profile u  increases towards the lower wall and when rG  
decreases viscous force dominates buoyancy force. Hence 
u  decrease. As local nanoparticle Grashof number cG
decreases Figure 4 says velocity profile u  decreases 
towards the lower wall because of concentration of 
nanoparticles towards the lower wall and velocity profile 
u  increases towards the upper side of wall when cG  
increases, due to increase in buoyancy. As Brownian 
motion parameter BN increases velocity profile u  
increases towards lower wall, because of increase in 
random movement of particles. Also, since BN  is 
inversely proportional to viscosity. As BN  decreases, u  
also decreases, because viscosity increases, as is shown in 
Figure 5. If thermophorosis parameter TN  increases 
velocity profile u  also increases towards upper wall, due 
to increase in nanoparticles, which in turn increases 

 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

u 

K’=1.5, 2.5, 4.5 

                                                 r     
Figure 1. The effect of curvature k’ on velocity.        

 
Figure 1.  . The effect of curvature k’ on velocity.      

Figure 2.  Effect of Casson parameter β on velocity u.                

Figure 3.  Effect of local temperature Grashof Number on 
velocity.

Figure 4.  Effect of local nano particle Grashof Number on 
velocity. 
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Figure 2. Effect of Casson parameter β on velocity u.                  
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Figure 3. Effect of local temperature Grashof Number on velocity. 
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 Figure 4. Effect of local nano particle Grashof Number on 
velocity.   
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collision of particles. Figure 6 shows that as TN  decreases 
u  also decrease towards lower wall. Due to porosity of 
the channel, as the permeability parameter D increases, 
the velocity profile u  increases around 0r = of the 
channel. This is shown in figure 7.

Local temperature Grashof number rG , and local 
nanoparticle Grashof number cG  has same effect on 
temperature θ . As seen in Figures 8 and 9, increase in the 
value of rG  and cG increases the temperature θ  due to 
natural convection. Also due to the fact that rG  and cG
are inversely proportional to viscosity and temperature 
reaches its peak towards the upper wall. Figure 10 shows 
that as Brownian motion parameter BN  decreases 
temperature θ  decreases, because reduction in BN  
reduces collision of particles, which reduces nanoparticle Figure 5.  Effect of Brownian motion parameter on velocity.           
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 Figure 5. Effect of Brownian motion parameter on velocity.             
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 Figure 6. Effect of Thermoporosis parameter on velocity. 
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Figure 7. Effect of Permeability parameter on velocity.     
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Figure 6.  Effect of Thermoporosis parameter on velocity.

Figure 7.  Effect of Permeability parameter on velocity.   
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Figure 8. Effect of local temperature Grashof Number on 
temperature. 
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Figure 8.  Effect of local temperature Grashof Number on 
temperature.

Figure 9.  Effect of local nano particle Grashof Number on 
temperature.
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Figure 9. Effect of local nano particle Grashof Number on 
temperature. 
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Figure 10. Effect of Brownian motion parameter on temperature. 
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Figure 10.  Effect of Brownian motion parameter on 
temperature.

Figure 11.  Effect of Thermophoresis parameter on 
temperature.

temperature. Temperature reaches its peak around the 
central line 0r = . With the increase in thermophorosis 
parameter TN , heat transfer rate increases on the surface. 
Figure 11 shows that temperature reaches its peak around 
the central line 0r = . Increasing value of Local 
temperature Grashof number rG  increases buoyancy 
force over viscous force, hence concentration σ  reaches 
peak towards the lower wall and decrease towards the 
upper wall. This is depicted in Figure 12. Increase in 
thermophorosis parameter TN increases the 
concentration. 
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Figure 11. Effect of Thermophoresis parameter on temperature. 
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 Figure 12. Effect of local temperature Grashof Number on 
concentration.  
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Figure 12.  Effect of local temperature Grashof Number on 

Figure 13.  Effect of Thermoporosis parameter on 
concentration.
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Figure 13. Effect of Thermoporosis parameter on concentration. 
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4.0 Concluding Remarks
The transition of heat and mass in a curved channel of 
Casson nanofluid is the subject of study in this paper. in a 
curved channel, in two dimensions, through peristalsis, 
under the assumption that the flow is characterised by low 
Reynolds number and long wavelength approximations. 
The coupled governing non-dimensional equations of 
momentum, heat and mass transfer are solved using 
MATLAB package. The effects of various parameters on 
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velocity, temperature and nanofluid concentration are 
studied. It was observed that

•	 As the curvature 'k  decreases velocity profile u  
increases and the maximum velocity is about the 
central line 0r = .

•	 When Casson parameter 𝛽 decreases velocity 
profile u  increases because of increase in yield 
stress and u attains maximum about the central 
line 0r = .

•	 When Grashof number rG  decreases viscous 
force dominates buoyancy force. Hence u  
decrease.

•	 Velocity profile u  increases towards the upper 
side of wall when local nanoparticle Grashof 
number cG  increases, due to increase in buoyancy.

•	 As Brownian motion parameter BN  and 
thermophorosis parameter TN  increases velocity 
profile also u  increases towards lower wall, 
because of increase in random movement of 
particles. 

•	 Increase in the values of Local temperature 
Grashof number rG  and local nanoparticle 
Grashof number cG increases the temperature θ  
due to natural convection.
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